A NEW CLASS OF CONTINUED FRACTION EXPANSIONS
FOR THE RATIOS OF HEINE FUNCTIONS. II(*)

BY
EVELYN FRANK

Dedicated to Professor Oskar Perron on the occasion of his
eightieth birthday, May 7, 1960.

1. Introduction. New continued fraction expansions for the ratios of two
contiguous Heine functions [3; 4; 5](2) are described here in detail (§2, 3).
The characterizing feature of each of these expansions is the fact that it is
equal throughout the finite z-plane to the ratio of the functions which gener-
ates it. It is equal to this ratio in the neighborhood of the origin and furnishes
the analytic continuation of this ratio throughout the finite z-plane. In sharp
contrast to the continued fraction expansions investigated here are those
previously found by the author [1] for the ratios of contiguous Heine func-
tions. Each of the latter expansions converges inside a certain circular region
about the origin, dependent on the values of q, b, ¢, and g, to the ratio of the
two Heine functions which generates the expansion; exterior to this circular
region, each expansion converges to the ratio of two different Heine functions.

The Heine function(®) is the infinite series

1-¢(1—¢" .

1-91-1¢)

1 -1 — ¢ — ¢ = ¢**)
1= =g —¢9(1 — gt

with radius of convergence equal to 1 if |q| <1 and equal to [q‘“’"“"| if
]ql >1. In (1.1), it is understood that Iql #1, ¢ —p+2nwi/u, where
g=e*, n, p=0,1, 2, - - -, Except for these conditions, @, b, ¢, and ¢ are arbi-
trary. If a or b is equal to —p + 2nwi/u, ¢(a, b, ¢, g, 2) reduces to a polynomial.

In §4 certain equal continued fractions are studied. They are equal as
consequences of the expansions found in [1] and the entirely different types
found in §§2 and 3 here, since both types converge to the same ratios of con-
tiguous Heine functions. In §§5 special continued fraction expansions obtained
from §§2 and 3 are considered.

¢(d, b) 64, Z) =1+
(1.1)
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(®) Heine (cf. [3; 4]) used, for example, g2, which is not single valued. However, by the use
of %, which is single valued, one does not need to specify the branch of ¢°. For simplification in

printing, the notation ¢* (with the understanding that e* is meant) is used throughout here
(cf. also [6]).
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2. The expansions for ¢(a, b, ¢, q, 2): p(a+1, b+1, c+1, ¢, 2). The con-
tinued fraction expansion(*)
¢(d, b; ¢, 9, Z) ai [72]
~ by + — —
dla+ 1,6+ 1,c+1,4q,2) by + b2+ -,
(1 — qa+p+l)(1 — qb+p+l)(qc+pz — qa+b+2p+122)
(2 . 1) Apt1 = )
(1= g*+)(1 = ¢*7)

(qa+p + qb+p —_ qa+b+2p — qa+b+2p+1)z

bp=1 ) P=O,1,2,“',

1 — qc+P

is obtained by successive substitution of the Heine identity [4, p. 292]

(1 =¢)(1 = g*e(a, b, ¢, ¢, 2)
— (1= g™l = ¢ = (@ + ¢ = ¢ = ¢+)s]
2.2) pla+ 1,0+ 1,c+1,¢2) — ¢2(1 — )1 — g>) - (1 — goPHi—e)
¢+ 2,0+ 2,¢c+2,¢,2) = 0.

Expansion (2.1) is analogous to expansion (4.4) of [2] for the ratio of the
corresponding Gauss functions.

For the determination of the convergence(’), one notes that (2.1) is limit-
periodic (cf. [1]). If |g| <1 in (2.1), limp., ap=0, lim, .., b, =1 uniformly in
any bounded region 0= |z| =, and the roots of the auxiliary equation
x2=1limp., bpx+1limy.e ap are pr=1, po=0. Furthermore, there exist posi-
tive numbers <1, ¢, and C, such that in the entire region célp1| =C,
ng/pll <0. (Here, 6=0, c=C=1, satisfy these conditions.) Then, by Theo-
rem 2.42 of Perron [6, p. 93], there exists a number 7 such that, for p=u#,
the continued fraction

ap+1 Ap+t2
bpp1 + bpp2 + - - -

converges uniformly in the entire region 0= |z| =< (.. Now, by a proof
analogous to that of Perron [6, p. 146, Theorem 3.24], since (2.3) converges
uniformly if |g| <1, (2.1) is equal to the corresponding power series in the
neighborhood of the origin, and furnishes the analytic continuation through-

(*) The symbol ~ denotes a formal expansion. If at any time a partial numerator vanishes
while the corresponding partial denominator does not vanish, the continued fraction breaks off
with the preceding term. In this case the symbol ~ can be replaced by the = sign.

(%) In any of the expansions in §2 and 3, for certain values of @, b, or ¢, a partial numerator
of a continued fraction may be zero. In this case, the continued fraction is finite, and its value
can be computed therefrom. Furthermore, it is understood throughout that in each case those
values of a, b, or ¢ are excluded which make indeterminate the function to which the continued
fraction in question converges.

(2.3) by +
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out the finite z-plane. Thus, if lq[ <1, (2.1) holds with the equality sign re-
placing the ~ sign.

For the consideration of the case lql >1, let ¢ and 2z be replaced by 1/q
and z¢*t—°, respectively, in (2.1). Then, with the use of the formula
é(a, b, ¢, 1/q, 2¢°t*°) =¢(a, b, ¢, ¢, ¢2) and of the Heine identity [4, p. 287]

¢(d, b: ¢ 4 Z) - ¢(¢l, b: ¢ 49 qZ)

2.4 1— 1—¢°
2.4) =-(—1qa)(—Q)z-¢(a+1,b+1,c-l—1,q,z),
— qc
from (2.1) one obtains
) b} y 4 1—¢9(1 —¢b
é(a, b, ¢, ¢, 2) =) q)z+br+gi a
¢(a+13b+1>c+lyq,z) 1—q° b1+b2+"'y
(1 — g@trH1) (1 — ghtott)(z/qo+l — 32/g%+?)

(25) Apy1 = )

(1 = g7 ) (1 — ¢°t»)
(@tr+gtr — 1 —¢71)-2/¢?

1 — qc+p

by=1+

If |q| >1, limy., @, =0, lim,., b,=1 in (2.5), and the roots of the auxiliary
equation are again unequal. By the same argument used in the preceding
case, it follows that, if |q| >1, (2.5) converges throughout the finite z-plane
to the function ¢(a, b, ¢, ¢, 2):¢(a+1, b+1, ¢c+1, ¢, 2), and the following
theorem has been proved.

TueoreMm 2.1. If [gl <1, the continued fraction (2.1) represents a mero-
morphic function of z which is equal to the funciion ¢(a, b, ¢, q,3):
o(e+1, b+1, c+1, q, 2) throughout the finite z-plane. It is equal to this ratio in
the neighborhood of the origin and furnishes the analytic continuation of it
throughout the finite z-plane. If ]q[ >1, a similar statement holds for the con-
tinued fraction (2.5).

3. Other continued fraction expansions for the ratios of contiguous Heine
functions. One obtains the continued fraction expansion

¢(d, b’ (FN'H Z) 1 a1 az
~ 'l:bo + — ],
d’(a; b’ c+ 1: 9 Z) 1- qa+b_c—lz

it byt o
qa+b—c—p—2z(1 — qc—a+p+l)(1 —_ qc—b+p+l)(1 — qa+b—c—p~2z)

apt1 = )

(3.1) (I = g7+ (1 — ¢°t7)
a+b—c—p—1 + +b—c—p—2 __ pa—1 __ b1 z
bp=1—(q qal_qc+p 7 g ), P'—'—O,l,"',

by successive substitution in the Heine identity [4, p. 290]
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(1 — ¢")[1 = g° + z(g=t + g>t — gotb—e—2 — gatb—c-1|
‘d(a, by c 4 1, q,2) + @Ho23(1 — goot)(1 — gob+)
p(a, b,c+2,¢,2) — (1 — g9)(1 — gt (1 — go¥o—1p)
-¢(a, b, ¢, g, 2) = 0,

and by an equivalence transformation.

For the determination of the convergence of (3.1), if |g| >1, limy., a,=0,
lim,., b, =1, and the roots of the auxiliary equation are 1 and 0. By the same
proof as for Theorem 2.1, it can be proved that the continued fraction (3.1)
converges throughout the finite z-plane to the function ¢(e, b, ¢, q, 2):
¢(a, b, c+1, q, 2) if [ql >1.

For the consideration of the case [q] <1, let ¢ and z be replaced by 1/q
and z¢**tv—~1, respectively, in the expansion (3.1). Then, with the use of the
formulas ¢(a, b, ¢, 1/q, 2¢°**1) =¢(a, b, ¢, ¢, 2) and ¢(a, b, c+1, 1/q, zg>+t—1)
=¢(a, b, ¢c+1, q, g3), one obtains the continued fraction expansion for
(1—2)-¢(a, b, ¢, q, 2): ¢(a, b, c+1, ¢, ¢2). Finally, with the use of the identity
(2.4) and the Heine identity [4, p. 292]

o(a, b, ¢, q,2) — ¢a,b,c+ 1, ¢q,2)
(1-¢)(1—-¢)
3.3) = ¢ 1= 290 = ¢ @+ 1,04+ 1,¢c+2,q,2),
one obtains the continued fraction expansion
¢(a, b, ¢, g, 2) 1 ¢l —2 a1 @
$(a,b,c+1,g2) 1—g+ b0 +bitbt---,
gHeg(1 — geatptl)(1 — ge-bhotl)(1 — grtly)

G4 = (1 — gotrtl)(1 — got?) ’

(3.2)

(qb+p _|.. qa+p —_ qc+2p+l — qc+2p)z

by =1 — gy y p=0,1,---,|q| <1

The equality sign holds in (3.4) for Iql <1 since this formula was obtained
from (3.1) by the replacement of ¢ and z by 1/¢ and 2¢*t*—°~!, respectively,
and it has just been shown that the equality sign holds in (3.1) if Iql >1.
Consequently, one has the following theorem:.

THEOREM 3.1. The continued fraction (3.1) represents a meromorphic func-
tion of z which is equal to the function $(a, b, ¢, ¢, 2): ¢(a, b, c+1, g, 2) throughout
the finite z-plane if |q| >1. It is equal to this ratio in the neighborhood of the
origin and furnishes the analytic continuation of it throughout the finite z-plane.
A similar statement holds for the continued fraction (3.4) if Iql <1.
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It is remarked that if |¢| <1, one can obtain a continued fraction expan-
sion for the ratio ¢(a, b, ¢, ¢, 2): $(a, b, c+1, g, 2) by use of the expansion (2.1)
and the identity

— (1 — ¢*t'2-¢(a, b,¢,¢,2) + pla — 1,0 — 1, ¢, ¢, 2)
(3 . 5) qa+b—c—lz
1—g°

(1 + 9°_1 — g = q”‘b)‘ﬁ(a: b,c+ 1, q, z) =0,

which is obtained from the Heine identities[4, p. 291, formulas (33) and (34) ].
It is as follows:

¢(d, bx ¢ g, Z) =1 + 1 [al az ]
#(a,b,c+1,q,2) 1—gotrlg[ by + by + - - 1

PR Rl e [t e Ut o’
. A, = )
? (1 = g (1 — g=+»Y)

(qa+p—l + qb+p—l —_ qa+b+2p—2 —_ qa.+l>+2p—l)Z

bp=1 l—qc‘H’ )

P:l,z’...’lql <1.

A number of other expansions for the ratios of contiguous Heine functions
can be obtained from (2.1), (2.5), (3.1), (3.4), and (3.6). For example, the
continued fraction expansion

¢(a7 b> ¢ q, Z) -1 9"2(1 - qb) + 1 - 9°_1 [al a2 :I
$(a+1,0,c,q,2)  1—gt 1—gotlb b+ -1
1 — gotp)(1 — gbte—1)(getr—2g5 — gatbd+2p—252
3.7) a,,=( *t?)(1 — gr 1) (gt — ¢ z),

(1 = ¢ )(1 — ¢g**77)

b _ 1 (qa+p + qb+p~l _— qa+b+2zr‘l —_— qu+b+217)z
» - 1— qc+p~1 ’

p=12--, ¢ <1,
is derived from the expansion (2.1) and from the identity
(1 =g De(a, 0 = 1,c=1,¢,2) = (1 — ¢ (e, b, ¢, ¢, 2)
— =1 — )1 — Pa)g(a+ 1,5,6,¢,8) =0,

which is obtained from the Heine identities [4, p. 291, formulas (34) and (35) ].
Since the Heine function is symmetric in @ and b, on interchanging @ and &

in (3.7), one obtains the expansion for ¢(a, b, ¢, g, 2): ¢(a, b+1, ¢, q, 2).
Similarly, from (2.5) and (3.8) one obtains the expansion

(3.8)
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¢(d, b: ¢ q, Z) -1— q—lz(l - qb) 1- q° |:_a'_l E ]
#le+1,,6,4,% t—g= T t—glt bt L
1 — gotP) (1 — @bt 1) (g/gP — 322/q%?
(3.9) a,,=( g*t)(1 — ¢"**1)(z/q /q )’
(1 — g7 )(1 — ¢*7)
( at+p + +p—1 — 1 — —l).z/ P
b, =14 4 ¢ q =12, ]q >1

1 — qc+p—1

From the numerous Heine identities, one can in a similar way obtain
continued fraction expansions for many other ratios of contiguous Heine
functions. To illustrate, from the following identity, one can write the con-
tinued fraction expansions for the ratio in the left-hand member on substitu-
tion of the appropriate expansions derived from (3.7) and (3.9) in the right-
hand member:

¢(d, b: ¢ q, Z) _ qc_b(l - qb) 1-— qc_b ¢(d, b: ¢+ 1) q, Z)
qb(a,b—l—l,c-l—l,q,z)— 1—ygq° 1—¢° ¢(e,0+1,c4+1,q,2)

4. Equal continued fractions(®). Since certain expansions in [1] and in
§§2 and 3 above converge to the same generating ratios in common domains,
one obtains the following theorems on equal continued fractions. In par-
ticular, from the well-known continued fraction of Heine (cf. [3; 4; 5]), from
(3.10) above, and from expansion (2.1) of [1], one obtains the equal continued
fractions in (4.1).

(3.10)

TueoREM 4.1. If |g| #1,

(it DAV
1— g bt by - -
=1 + 3 _e_f_ =1 _|_ dl ds
) T4+ A l4fat it e,
(1 —_ qb+P+1)(1 —_ qa'HJ) (qc+pz — qb+a+2pz2)
e (1= g=P)(1 = g=#r) ’
(gFP + geto=t — ghteta—l _ prtatin)g
by =1~ 1 — got» ’
P=0:1""’ |‘JI <1,
or

(8) It is understood throughout this section concerning equal continued fractions that (i) if
a partial numerator is zero, the continued fraction breaks off with the preceding term; (i) both
continued fractions can diverge (if they are «), or, if one of the continued fractions is indeter-
minate, the other diverges unless it is finite, in which case it is also indeterminate.
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_ L= = ) e/e — /g 1= )

bo=1-—

ap
(1 = gt?)(1 — ¢go77) 1— g
(qb+p + qa+p~l -1 — q—l) .z/qp
by=1+ g »op=12-, ¢ >1,

(1 —_ qa+p—-l)(1 — qc—b+p—1)
(1 —_ qc+2p~2)(1 — qc+2p—l) ’
(1 — g1 — go*?)

(4.1) €op—1 = — qH'p—lZ'

ey = — qa+1’—lz.(1 — qc+2p_1)(1 — qc+2p) y p = 1, 2, e,
(1 —_ qa+p—1)(1 _ qc+p—1—b) 1 _ qa+p—l—b
= — gbz. = gty ——
b T g T T e
p = 1’ 2, e e,

The third member of the equality is equal to the first two only for values of z such
that [z| <]q‘b| if |q] <1, and Izl <|q°+1‘“| if Iql >1.

From (4.1) the following special cases are obtained, where the equality
signs hold only for those values of z specified in Theorem 4.1.

For b—c=n=0,1, - - -, in (4.1), the following finite continued fractions
are found equal to an infinite one,

qa—lzl(l__ cqc+n) + b0+$+?+
(4.2) 1 Lo
€1 €2n dl dn
=1+4— Z=14 )
1L+t 1 AT+ + fatd

where the ap, by, €y, dp, and fp are given tn (4.1) with b replaced by c+n.
For =1 in (4.2),

—lz 1 — c+1 a a
(St e B
1—y¢° by + b2+ - - -
0.3 ¢zl — ¢H(1 — ¢%) az,l — goott
' _ (1 — ¢9)(1 — g=+Y) q 1 — go#?

1 — 1

where the a, and b, are given in (4.1) with b=c+1.
For a=c+1, b=c+1, in (4.1),
ez(1 — c+1 a a c+lz 1 — ¢!
ag LU= 0 e PR St S0
1—y¢° b1+ b2+ - - - 1—g¢°

For b=c in (4.1), one obtains
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(4.5) ¢z + ot — 2 =1
by + b2+ - - -
Fora=b=cin (4.1),
¢zt b =1,
b1+ b2 + - - -
ap1 = ¢°tr3(1 — ¢°teg), b, = 1 — ¢°trz(1 + ¢7Y),
(4.6) p=0,1,---, ¢l <1

ap = (1 =2/¢")z/q? bo=1—¢7"3(1+¢°), by=1— 1+ gNz/¢7,

p=1,2,...’ IQI > 1.

It is remarked that the equalities of the first and third members in for-

mula (4.1) can also be obtained when one equates other corresponding infinite
continued fractions of [1] and of §§2 and 3 above.

Since continued fractions (3.1) and (3.6) above, and (2.7) of [1], converge
to the same ratio of Heine functions, the following theorem holds.

THEOREM 4.2. For walues of z such that |z| <|g™| if |q| <1, and |z]
<lq°+1“’[ if |q| >1,
a d d
bt = =1t d
by + ba + - - - h+1+fo+14 .-,
1 — ¢ + 2 a—1 _|_ b—1 __ +b—c—2 __ patb—c—1
.7 b = q° + (g q ¢ q ) ,
(1= g9 — ¢g)
qa+b—c—2z(1 — qc—a+1)(1 —_ qc—b+l)(1 —_— qa+b—c—-2z)
R R R S )
and where the a1, by, p=1,2, « - -, are given in (3.1) if |q| >1; or, z'f|q| <1,
(1 — g9 — ¢)(g°z — ¢°**'2%)
(1 —¢91 — ¢tH(1 — g*t )

a

bo=1, a, =

and where the ayy1, by, are given in (3.6);

1-¢01-4g% (1 — gto1)(1 — getrib)

d, = ¢z = by

1= 9 (1 —g¢0 _qc+1)’ P = qc+p—1)(1 — go+r)
N Sl i f_b..l_:_qa_ﬂ-l__b =23 .

fl_ qzl__qc+l, »= ¢ 1_qc+p P— ’

Forb—c=n,and |¢g| <1in (4.7), one obtains an infinite continued fraction
equal to a finite one (in the right-hand member). For b—c=1, Iql <1, for-
mula (4.7) reduces to (4.5).
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5. Special continued fractions. From expansion (3.7) one obtains as a
special case

a asz

Wotand b+ <1,
¢(e, 1,¢, ¢, 2) o+bl+bz+-.-, |9|
(.1 py1 = g7 15(1 — gPt)(1 — ¢tP) (1 — gotrti=e)
. p+1 (1 — qc+p—l)(1 _ qc+p)
l —1 — +p—1 +p
bp=1_q"Z( +9° qa qa)’ ?:0’1’.‘..

1 — qc+p—1

A different type of continued fraction expansion for this function is shown in
[1, formula (4.1)]. Here
1—¢ | (-
a,1,¢,q,2) =1 P 224 - .-
ISR +1—Q° +(1—q°)(1—q°+‘)

For ¢=1, (5.1) becomes

1 _b+a1 as [ |<1
¢(d;1,1,q,z) 0 bi+bat -, q )
1 — gotr)(1 — gote
(5.2) ap-l-].:qu( *+7)( ¢ z)’
l—qi’

rg(1 4 ¢go! — gotr—1 — gotr

b= 1= ¢1 - 2, p=0,1,---.
- q

(cf. [1, formula (4.2)]). This is a continued fraction expansion for the re-
ciprocal of

1~q“z (l—q")(l--q““)z2
1—g 1-91—-4¢)
© 1 — gotrg

- 1I

=0 1— 97z

(cf. [5, p. 99] and [4, p. 303]).
The above formulas also hold with a and b interchanged.
For the reciprocal of

1+

¢(a1 1’ 1’ q’ z)

’

¢(17 17 2, q Z) 1 Z + 22
1—g¢ —l—q 1—-¢* 1-¢°

[5, p. 99], one obtains the expansion
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chuk B )[b+“‘ o ] lgl <1
= (1 - — = , <1,
¢(17 17 2) q: Z) q ’ bl + b2 + A q
(5.3) g*t'a(l — ¢7*)(1 — ¢2) 1 =g
Ap1 = 1— qp+2 ’ bp =1 qu (1 + m),
p= 0, 1, .

A different type of expansion for this ratio is found in [1, formula (4.3)].
For the reciprocal of

6(1,1/2,3/2, ¢*, 2) 1 a* z*
= + +
1—g¢ 1—¢q 1—¢8 1-—¢°

..|_...’

[5, p. 99], from (3.6) one obtains an expansion of a type different from for-
mula (4.4) of [1], namely,
1—4¢ _
o(1,1/2,3/2, ¢, %)
gtz — @P)(1 — gP23?)
)

(1 )[b+“‘ & ] lq| <1
T it b L =5

(5-4) ap = 1 — g3
2p22 1 + —1 _ 42p—1 __ ,2p+1
PR S Gt ), p=0,1,---.
1 — q217+1
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